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About intrinsic Finsler connections for the
homogeneous lift to the Osculator Bundle of a
Finsler metric
Alexandru Oana∗
Abstract
In this article we present a study of the subspaces of the manifold
OscM, the total space of the osculator bundle of a real manifold M. We
obtain the induced connections of the canonical metrical N-linear con-
nection determined by the homogeneous prolongation of a Finsler metric
to the manifold OscM. We present the relation between the induced and
intrinsic geometric objects of the associated osculator submanifold.
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Introduction
The Sasaki N -prolongation G to the osculator bundle without the null sec-
tion O˜scM = OscM\ {0} of a Finslerian metric gab on the manifold M given
by
G = gab (x, y) dx
a ⊗ dxb + gab (x, y) δy
a ⊗ δyb
is a Riemannian structure on O˜scM, which depends only on the metric gab.
The tensor G is not invariant with respect to the homothetis on the fibres
of O˜scM , because G is not homogeneous with respect to the variable ya.
In this paper, we use a new kind of prolongation G˚ to O˜scM , [3], which
depends only on the metric gab. Thus, G˚ determines on the manifold O˜scM a
Riemannian structure which is 0-homogeneous on the fibres of OscM.
Some geometrical properties of G˚ are studied: the canonical metrical N -
linear connection, the induced linear connections etc.
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1
1 Preliminaries
Let us consider Fn = (M,F ) a Finsler space ([12]), and F : TM = OscM → R
the fundamental function. F is a C∞ function on the manifold OscM and
it is continuous on the null section of the projection pi : OscM → M. The
fundamental tensor on Fn is
gab (x, y) =
1
2
∂2F 2
∂ya∂yb
, ∀ (x, y) ∈ OscM.
The lagrangian F 2 (x, y) determines the canonical spray S = ya
∂
∂xa
−
2Ga
∂
∂ya
with the coefficients Ga =
1
2
γabc (x, y) y
byc, where γabc (x, y) are the
Christoffels symbols of the metric tensor gab (x, y) . The Cartan nonlinear con-
nection N of the space Fn has the coefficients
Nab =
∂Ga
∂yb
. (1.1)
N determines a distribution on the manifold O˜scM, ([12],[11]), which is supple-
mentary to the vertical distribution V. We have the next decomposition
TwO˜scM = Nw ⊕ Vw, ∀w = (x, y) ∈ O˜scM. (1.2)
The adapted basis of this decomposition is
{
δ
δxa
,
∂
∂ya
}
, (a = 1, .., n) and
its dual basis is (dxa, δya) , where
δ
δxa
=
∂
∂xa
−N ba
δ
δyb
,
∂
∂ya
=
∂
∂ya
(1.3)
and {
dxa = dxa,
δya = dya +Nabdx
b.
(1.1.7)
We use the next notations:
δa =
δ
δxa
, ∂˙1a =
∂
∂ya
.
The fundamental tensor gab determines on the manifold O˜scM the homoge-
neous N-lift
0
G,[10],
0
G = gab (x, y) dx
a ⊗ dxb + hab (x, y) δy
a ⊗ δyb, (1.4)
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where
hab (x, y) =
p2
‖y‖
2 gab (x, y) , (1.1.9)
‖y‖
2
= gab (x, y) y
ayb.
This is homogeneous with respect to y, and p is a positive constant required
by applications in order that the physical dimensions of the terms of G˚ be the
same.
Let Mˇ be a real, m-dimensional manifold, immersed in M through the im-
mersion i : Mˇ →M . Localy, i can be given in the form
xa = xa
(
u1, ..., um
)
, rank
∥∥∥∥ ∂xa∂uα
∥∥∥∥ = m.
The indices a, b, c,....run over the set {1, ..., n} and α, β, γ, ... run on the set
{1, ...,m} .We assume 1 < m < n. We take the immersed submanifold OscMˇ of
the manifold OscM, by the immersion Osci : OscMˇ → OscM. The parametric
equations of the submanifold OscMˇ are
xa = xa
(
u1, ..., um
)
, rang
∥∥∥∥ ∂xa∂uα
∥∥∥∥ = m
ya =
∂xa
∂uα
vα.
(1.5)
The restriction of the fundamental function F to the submanifold O˜scMˇ is
Fˇ (u, v) = F (x (u) , y (u, v))
and we call Fˇm =
(
Mˇ, Fˇ
)
the induced Finsler subspaces of Fn and Fˇ the
induced fundamental function.
Let Baα(u) =
∂xa
∂uα
and gαβ the induced fundamental tensor,
gαβ (u, v) = gab (x (u) , y (u, v))B
a
αB
b
β . (1.6)
We obtain a system of d-vectors {Baα, B
a
α¯} wich determines a moving frame
R = {(u, v) ;Baα (u) , B
a
α¯ (u, v)} in OscM along to the submanifold OscMˇ.
Its dual frame will be denoted by R∗= {Bαa (u, v) , B
α¯
a (u, v)} . This is also
defined on an open set pˇi−1
(
Uˇ
)
⊂ OscMˇ, Uˇ being a domain of a local chart on
the submanifold Mˇ.
The conditions of duality are given by:
BaβB
α
a = δ
α
β , B
a
βB
α¯
a = 0, B
α
aB
a
β¯
= 0, Bα¯aB
a
β¯
= δα¯
β¯
BaαB
α
b +B
a
α¯B
α¯
b = δ
a
b .
3
The restriction of the of the nonlinear connection N to O˜scMˇ uniquely de-
termines an induced nonlinear connection Nˇ on O˜scMˇ
Nˇαβ = B
α
a
(
Ba0β +N
a
bB
b
β
)
. (1.7)
The cobasis
(
dxi, δya
)
restricted to OscMˇ is uniquely represented in the
moving frame R in the following form:
dxa = Baβdu
β
δya = Baαδv
α +Baα¯K
α¯
βdu
β
(1.8)
where
K α¯β = B
α¯
a
(
Ba0β +M
a
bB
b
β
)
, Ba0β = B
a
αβv
a.
A linear connection D on the manifold OscM is called metrical N-linear
connection with respect to G˚, if DG˚ =0 and D preserves by parallelism the
distributions N and V. The coefficients of the N-linear connections DΓ (N) will
be denoted with
(
H
L
(00)
a
bc,
V
L
(10)
a
bc,
H
C
(01)
a
bc,
V
C
(11)
a
bc
)
.
Theorem 1.1([10]) There exist metrical N -linear connections DΓ (N) on O˜scM,
with respect to the homogeneous prolongation G˚, wich depend only on the metric
gab (x, y) . One of these connections has
the ”horizontal” coefficients
H
L
(00)
a
bc =
1
2
gad (δbgdc + δcgbd − δdgbc)
V
L
(10)
a
bc =
1
2
had (δbhdc + δchbd − δdhbc)
(1.9)
and the ”vertical” coefficients :
H
C
(01)
a
bc =
1
2
gad
(
∂˙bgdc + ∂˙cgbd − ∂˙dgbc
)
V
C
(11)
a
bc =
1
2
had
(
∂˙bhdc + ∂˙chbd − ∂˙dhbc
)
.
(1.10)
It is called the Cartan metrical N-linear connection. This linear connection
will be used throughout this paper.
For this N-linear connection, we have the operators
H
D and
V
D which are given
by the following relations
H
DXa = dXa +
H
ωabX
b
V
DXa = dXa +
V
ωabX
b
∀X ∈ F
(
O˜scM
)
. (1.11)
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We call these operators the horizontal and vertical covariant differentials.
The 1-forms which define these operators will be called the horizontal and
vertical 1-form, where
H
ωab =
H
L
(00)
a
bcdx
c +
H
C
(01)
a
bcδy
c
V
ωab =
V
L
(10)
a
bcdx
c +
V
C
(11)
a
bcδy
c.
(1.12)
We have
Theorem 1.2 The d-tensors of torsion of the Cartan metrical N-linear connec-
tion D have the next expresions:
H
T
(00)
a
bc =
H
L
(00)
a
bc −
H
L
(00)
a
cb,
V
T
(01)
a
bc = R
a
bc,
H
P
(10)
a
bc =
H
C
(01)
a
bc,
V
P
(11)
a
bc = B
(11)
a
bc −
V
L
(10)
a
cb
V
S
(11)
a
bc =
V
C
(11)
a
bc −
V
C
(11)
a
cb.
(1.13)
Theorem 1.3 The Cartan metrical N-linear connection D has, in the adapted
bases
{
δa, ∂˙1a
}
, the following d-tensors of curvature
”horizontals”
H
R
(00)
b
a
cd = δd
H
L
(00)
a
bc − δc
H
L
(00)
a
bd +
H
L
(00)
f
bc
H
L
(00)
a
fd −
H
L
(00)
f
bd
H
L
(00)
a
fc +
+
H
C
(01)
a
bfR
f
cd,
H
P
(10)
b
a
cd = ∂˙1d
H
L
(00)
a
bc −
H
C
(01)
a
bd|0c +
H
C
(01)
a
bf
H
P
(11)
f
cd,
H
S
(10)
b
a
cd = ∂˙1d
H
C
(01)
a
bc − ∂˙1c
H
C
(01)
a
bd +
H
C
(01)
f
bc
H
C
(01)
a
fd −
H
C
(01)
f
bd
H
C
(01)
a
fc,
(1.14)
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and the ”verticals”
V
R
(01)
b
a
cd = δd
V
L
(10)
a
bc − δc
V
L
(10)
a
bd +
V
L
(10)
f
bc
V
L
(10)
a
fd −
V
L
(10)
f
bd
V
L
(10)
a
fc +
+
V
C
(11)
a
bfR
f
cd,
V
P
(11)
b
a
cd = ∂˙1d
V
L
(10)
a
bc −
V
C
(11)
a
bd|1c +
V
C
(11)
a
bf
V
P
(11)
f
cd,
V
S
(11)
b
a
cd = ∂˙1d
V
C
(11)
a
bc − ∂˙1c
V
C
(11)
a
bd +
V
C
(11)
f
bc
V
C
(11)
a
fd −
V
C
(11)
f
bd
V
C
(11)
a
fc.
(1.15)
2 The relative covariant derivatives
Let DΓ (N), the Cartan metrical N-linear connection of the manifold OscM . A
classical method to determine the laws of derivation on a Finsler submanifold
is the type of the coupling.
Theorem 2.1 The coupling of the N-linear connection D to the induced nonli-
near connection Nˇ along O˜scMˇ is locally given by the set of coefficients DˇΓ
(
Nˇ
)
=(
H
Lˇ
(00)
a
bδ,
V
Lˇ
(10)
a
bδ,
H
Cˇ
(01)
a
bδ,
V
Cˇ
(11)
a
bδ
)
, where

H
Lˇ
(00)
a
bδ =
H
L
(00)
a
bdB
d
δ +
H
C
(01)
a
bdB
d
δ¯
K δ¯δ
V
Lˇ
(10)
a
bδ =
V
L
(10)
a
bdB
d
δ +
V
C
(11)
a
bdB
d
δ¯
K δ¯δ
H
Cˇ
(01)
a
bδ =
H
C
(01)
a
bdB
d
δ
V
Cˇ
(11)
a
bδ =
V
C
(11)
a
bdB
d
δ .
(2.1)
Definition 2.2 We call the induced tangent connection on O˜scMˇ by the
metrical N-linear connection D, the couple of the operators
H
D⊤,
V
D⊤ which are
defined by
H
D⊤Xα = Bαb
H
DˇXb,
V
D⊤Xα = Bαb
V
DˇXb,
for Xa = BaγX
γ
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where
H
D⊤Xα = dXα +Xβ
H
ωαβ
V
D⊤Xα = dXα +Xβ
V
ωαβ
and
H
ωαβ ,
V
ωαβ are called the tangent connection 1-forms.
We have
Theorem 2.3 The tangent connections 1-forms are as follows:
H
ωαβ =
H
L
(00)
α
βδdu
δ +
H
C
(01)
α
βδδv
δ
V
ωαβ =
V
L
(10)
α
βδdu
δ +
V
C
(11)
α
βδδv
δ,
(2.2)
where
H
L
(00)
α
βδ = B
α
d
(
Bdβδ +B
f
β
H
Lˇ
(00)
d
fδ
)
,
V
L
(10)
α
βδ = B
α
d
(
Bdβδ +B
f
β
V
Lˇ
(10)
d
fδ
)
,
H
C
(01)
α
βδ = B
α
dB
f
β
H
Cˇ
(01)
d
fδ,
V
C
(11)
α
βδ = B
α
dB
f
β
V
Cˇ
(11)
d
fδ.
(2.3)
Definition 2.4 We call the induced normal connection on O˜scMˇ by the
metrical N-linear connection D, the couple of the operators
H
D⊥,
V
D⊥ which are
defined by
H
D⊥Xα = Bαb
H
DˇXb
V
D⊥Xα = Bαb
V
DˇXb,
for Xa = Baγ¯X
γ¯
where
H
D⊥Xα = dXα +Xβ
H
ωα
β
V
D⊥Xα = dXα +Xβ
V
ωα
β
and
H
ωα
β
,
V
ωα
β
are called the normal connection 1-forms.
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We have
Theorem 2.5 The normal connections 1-forms are as follows:
H
ωα
β
=
H
L
(00)
α
βδ
duδ +
H
C
(01)
α
βδ
δvδ
V
ωα
β
=
V
L
(10)
α
βδ
duδ +
V
C
(11)
α
βδ
δvδ,
(2.4)
where
H
L
(00)
α
βδ
= Bαd
(
δBd
β
δuδ
+Bf
β
H
Lˇ
(00)
d
fδ
)
,
V
L
(10)
α
βδ
= Bαd
(
δBd
β
δuδ
+Bf
β
V
Lˇ
(10)
d
fδ
)
,
H
C
(01)
α
βδ
= Bαd
(
∂Bd
β
∂vδ
+Bf
β
H
Cˇ
(01)
d
fδ
)
,
V
C
(11)
α
βδ
= Bαd
(
∂Bd
β
∂vδ
+Bf
β
V
Cˇ
(11)
d
fδ
)
.
(2.5)
Now, we can define the relative (or mixed) covariant derivatives
H
∇ and
V
∇ .
Theorem 2.6 The relative covariant (mixed) derivatives in the algebra of mixed
d-tensor fields are the operators
H
∇,
V
∇ for which the following properties hold :
H
∇f = df,
V
∇f = df,
∀f ∈ F
(
O˜scMˇ
)
H
∇Xa =
H
DˇXa,
V
∇Xa =
V
DˇXa,
H
∇Xα =
H
D⊺Xα,
V
∇Xα =
V
D⊺Xα,
H
∇Xα =
H
D⊥Xα,
V
∇Xα =
H
D⊥Xα.
H
ωˇab ,
V
ωˇab ,
H
ωαβ ,
V
ωαβ ,
H
ωα
β
,
V
ωα
β
are called the connection 1-forms of
H
∇,
V
∇.
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3 A comparison between the induced and in-
trinsic geometrical objects
It is known that, in the case of Finsler or pseudo-Finsler spaces ([6], [5], [14], [15],
[13], [16]), the intrinsic nonlinear connection of the submanifold is
different from the induced nonlinear connection by the nonlinear connection
on the manifold. Moreover, the induced Finsler connection is different from the
the induced Finsler connection.
In this section, we present a comparison between the induced and intrinsic
geometric objects on the submanifold O˜scMˇ with respect to the Cartan metrical
N -linear connection determinated by the homogeneous lift
0
G (1.4).
Let
0˜
G, the homogeneous lift to the submanifold O˜scMˇ of the induced fun-
damental tensor (1.6),
0˜
G = gαβ (u, v) du
α ⊗ duβ + hαβ (u, v) δv
α ⊗ δvβ , (3.1)
where
hαβ (u, v) =
p2
‖v‖2
gαβ (u, v)
‖v‖
2
= gαβv
αvβ
and N˚ , the intrinsic Cartan nonlinear connection
N˚αβ =
∂Gα
∂vβ
,
where Gα =
1
2
γαβγ (u, v) v
βvγ and γαβγ (u, v) are the Christoffel symbols of gαβ .
Let D˚Γ
(
N˚
)
=
(
H
L˚
(00)
α
βγ ,
V1
L˚
(10)
α
βγ ,
H
C˚
(01)
α
βγ ,
V1
C˚
(11)
α
βγ
)
the intrinsic Cartan metrical
N -linear connection of the submanifold O˜scMˇ with
the ”horizontal” coeficients
H
L˚
(00)
α
βγ =
1
2
gαδ (δβgδγ + δγgβδ − δδgβγ)
V
L˚
(10)
α
βγ =
1
2
hαδ (δβhδγ + δγhβδ − δδhβγ)
(3.2)
and the ”vertical” coeficients
9
HC˚
(01)
α
βγ =
1
2
gαδ
(
∂˙1βgδγ + ∂˙1γgβδ − ∂˙1δgβγ
)
V
C˚
(11)
α
βγ =
1
2
hαδ
(
∂˙1βhδγ + ∂˙1γhβδ − ∂˙1δhβγ
)
.
(3.3)
Proposition 3.1 The Lie brakets of the vector fields of the adapted basis
{
δα, ∂˙1α
}
are given by:
[δα, δβ] = −R
σ
αβ∂˙1σ,
[
δα, ∂˙1β
]
= B
(11)
σ
αβ∂˙1σ,
[
∂˙1α, ∂˙1β
]
= 0,
(3.4)
where
Rσαβ = δαN
σ
β − δβN
σ
α
B
(11)
σ
αβ = ∂˙1βN
σ
α.
For any d-vector fieldX ∈ X(O˜scM) expressed in the adapted basis
{
δa, ∂˙1a
}
we have
X =
0
Xa
δ
δxa
+
1
Xa
∂
∂ya
, X ∈ X
(
O˜scM
)
.
We consider h and v, the horizontal and the vertical projectors associated to
the nonlinear connection N. Denote by
XH = hX =
0
Xa
δ
δxa
XV = vX =
1
Xa
∂
∂ya
.
For any d-vector field Xˇ ∈ X(O˜scMˇ) expressed in the adapted basis
{
δα, ∂˙1α
}
we have
Xˇ =
0
Xˇα
δ˚
δ˚uα
+
1
Xˇα
∂
∂vα
, ∀Xˇ ∈ X
(
O˜scMˇ
)
and consider h˚ and v˚, the horizontal and the vertical projectors associated to
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the intrinsic nonlinear connection N˚ . Denote by
XˇH˚ = h˚Xˇ =
0
Xˇα
δ˚
δ˚uα
Xˇ V˚ = vXˇ =
1
Xˇa
∂
∂va
∀Xˇ ∈ X
(
O˜scMˇ
)
.
Proposition 3.2 Let N˚ , the intrinsic Cartan nonlinear connection and Nˇ , the
induced nonlinear connection on the submanifold O˜scMˇ by the Cartan nonlinear
connection N. Then the following relations hold :
1 ◦The coefficients of the nonlinear connections N˚ and Nˇ are related by ([5])
N˚αβ = Nˇ
α
β +D
α
β .
2 ◦There exist the following relations between the components of the adapted
bases of N˚ and Nˇ
δ˚α = δα −D
β
α∂˙1β ,
∂˚1α = ∂˙1α.
3 ◦There exist the following relations between the coefficients of the Lie brakets
of the adapted bases of N˚ and Nˇ :
R˚αβγ = R
α
βγ +
1
D
00
α
βγ
B˚
(11)
α
βγ = B
(11)
α
βγ +
1
D
01
α
βγ ,
where
Dαβ = gα¯
α
βK
α¯
βv
β
(3.5)
1
D
00
α
βγ = δγD
α
β − δβD
α
γ +D
δ
β ∂˙1δ (N
α
γ +D
α
γ)−D
δ
γ ∂˙1δ (N
α
β +D
α
β) (3.6)
1
D
01
α
βγ = ∂˙1γD
α
β . (3.7)
Proposition 3.3 The local coefficients of the intrinsic Cartan metrical N -
linear connection D˚Γ
(
N˚
)
and of the induced tangent connection of the Cartan
11
metrical N -linear connection DΓ (N) are related by:
H
L˚
(00)
α
βδ =
H
L
(00)
α
βδ +
H
∆
(00)
α
βδ
V
L˚
(10)
α
βδ =
V
L
(10)
α
βδ +
V
∆
(10)
α
βδ
H
C˚
(01)
α
βδ =
H
C
(01)
α
βδ,
V
C˚
(11)
α
βδ =
V
C
(11)
α
βδ,
where
H
∆
(00)
α
βδ =
1
2
[
gδ¯
α
δK
δ¯
β − gδ¯βδK
δ¯α
]
−
1
2
gαδ
[
Dεβδ1εgδγ +D
ε
γδ1εgδβ −D
ε
δδ1εgβγ
]
,
V
∆
(10)
α
βδ = −
1
2h
gασ
[
Bb
β¯
K β¯σ
(
∂˙1bh
)
gβδ −B
b
β¯
K
β¯
β
(
∂˙1bh
)
gσδ
]
+
1
2h
gασ
[
Dεσ∂˙1εgβδ −D
ε
β∂˙1εgσδ −D
ε
δ∂˙1εgβσ
]
+ ∆
(10)
α
βδ,
(3.8)
and
∆
(10)
α
βγ =
1
2
(
∂˙1βB
α
a
)(
Ba0γ +B
c
γN
1
a
c
)
−
1
2
BαaB
a
βγ
−
1
2
gafBαaB
b
βB
d
δ
(
∂˙1dgbf
)
Kδγ −
1
2
gαδBσaB
a
γδgσβ
−
1
2
gαδgσβ
(
∂˙1γB
σ
a
)(
Ba0δ +B
d
δN
a
d
)
+gαδgbdB
b
βB
a
δγ +
1
2
1
D
01
α
γβ −
1
2
gαδ
[
Dεγ ∂˙1εgβδ +
1
D
01
σ
γδgσβ
]
.
(3.9)
From the proposition 3.3 we get that D˚, the intrinsic Cartan metrical
N-linear connection is not identical with D⊤, the induced tangent connection of
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the Cartan metrical N-linear connection DΓ (N) . From this fact, [5], there exist
⊤
D, the deformation tensor of the pair (D˚,D⊤). For Xˇ, Yˇ ∈ Xˇ
(
O˜scMˇ
)
we
get
D˚
XˇV˚
Yˇ H˚ = D⊤
XˇV˚
Yˇ H˚
D˚
XˇV˚
Yˇ V˚ = D⊤
XˇV˚
Yˇ V˚
D˚
XˇH˚
Yˇ H˚ = D⊤
XˇH˚
Yˇ H˚ +
⊤
D
(
XˇH˚ , Yˇ H˚
)
D˚
XˇH˚
Yˇ V˚ = D⊤
XˇH˚
Yˇ V˚ +
⊤
D
(
XˇH˚ , Yˇ V˚
)
,
∀Xˇ, Yˇ ∈ Xˇ
(
O˜scMˇ
)
.
If we express
⊤
D in the adapted bases of N˚ , we get:
⊤
D
(
δ˚
δ˚uγ
,
δ˚
δ˚uβ
)
=
⊤
D
00
H˚α
βγ
δ˚
δ˚uα
+
⊤
D
00
V˚ α
βγ
∂
∂va
⊤
D
(
δ˚
δ˚uγ
,
∂
∂vβ
)
=
⊤
D
10
H˚α
βγ
δ˚
δ˚uα
+
⊤
D
10
V˚ α
βγ
∂
∂va
.
We have the next
Proposition 3.4 The components of the deformation tensor
⊤
D are given by the
formula:
⊤
D
00
H˚α
βγ =
H
∆
(00)
α
βγ +D
ϕ
γ
H
C
(01)
α
βϕ
⊤
D
00
V˚ ε
βγ =
⊤
D
00
H˚ε
βγD
α
ε + δγD
α
β +D
ϕ
β
V
L
(10)
α
ϕγ −D
ε
γ
[
∂˙1εD
α
β +D
ϕ
β
V
C
(11)
α
ϕε
]
−Dεα
(
H
L
(00)
α
βγ + ∆
(00)
α
βγ
)
,
⊤
D
10
H˚α
βγ = 0,
⊤
D
10
V˚ α
βγ =
V
∆
(10)
α
βγ +D
ϕ
γ
H
C
(01)
α
βϕ,
where
H
∆
(00)
α
βγ ,
V
∆
(10)
α
βγ are given by (3.8).
Proposition 3.5 The torsion tensors of the N-linear connections D˚Γ
(
N˚
)
,
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D⊤Γ
(
Nˇ
)
are related by:
T˚
(
XˇH˚ , Yˇ H˚
)
=
⊤
T
(
XˇH˚ , Yˇ H˚
)
+
⊤
D
(
XˇH˚ , Yˇ H˚
)
−
⊤
D
(
Yˇ H˚ , XˇH˚
)
T˚
(
XˇH˚ , Yˇ V˚
)
=
⊤
T
(
XˇH˚ , Yˇ V˚
)
+
⊤
D
(
XˇH˚ , Yˇ V˚
)
T˚
(
Xˇ V˚ , Yˇ V˚
)
=
⊤
T
(
Xˇ V˚ , Yˇ V˚
)
, ∀Xˇ, Yˇ ∈ Xˇ
(
O˜scMˇ
)
.
Proposition 3.6 The torsion d-tensors of the induced tangent connection of
the Cartan metrical N -linear connection DΓ (N) and of the intrinsic Cartan
metrical N -linear connection D˚Γ
(
N˚
)
are related by:
H
T˚
(00)
α
βγ =
H
T
(00)
α
βγ = 0,
V
T˚
(01)
α
βγ =
V
T
(01)
α
βγ +
1
D
00
α
βγ ,
H
P˚
(10)
α
βγ =
H
P
(10)
α
βγ ,
V
P˚
(11)
α
βγ =
V
P
(11)
α
βγ +
1
D
01
α
βγ −
V
∆
(10)
α
γβ ,
V
S˚
(11)
α
βγ = S
(11)
α
βγ = 0,
where
1
D
00
α
βγ ,
1
D
01
α
βγ ,
V
∆
(10)
α
βγ are given by (3.6), (3.7) and (3.8).
Proposition 3.7 The curvature 2-forms R˚ and
⊤
R of the linear connections
D˚Γ
(
N˚
)
and D⊤Γ
(
Nˇ
)
are related by:
R˚
(
XˇH˚ , Yˇ H˚
)
ZˇH˚ =
⊤
R
(
XˇH˚ , Yˇ H˚
)
ZˇH˚+
+
(
D˚
XˇH˚
⊤
D
)(
Yˇ H˚ , ZˇH˚
)
−
(
D˚
Yˇ H˚
⊤
D
)(
XˇH˚ , ZˇH˚
)
+
⊤
D
(
Yˇ H˚ ,
⊤
D
(
XˇH˚ , ZˇH˚
))
−
⊤
D
(
XˇH˚ ,
⊤
D
(
Yˇ H˚ , ZˇH˚
))
+
⊤
D
(
D˚
XˇH˚
Yˇ H˚ , ZˇH˚
)
−
⊤
D
(
D˚
Yˇ H˚
XˇH˚ , ZˇH˚
)
,
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R˚
(
XˇH˚ , Yˇ H˚
)
Zˇ V˚ =
⊤
R
(
XˇH˚ , Yˇ H˚
)
Zˇ V˚+
+
(
D˚
XˇH˚
⊤
D
)(
Yˇ H˚ , Zˇ V˚
)
−
(
D˚
Yˇ H˚
⊤
D
)(
XˇH˚ , Zˇ V˚
)
+
⊤
D
(
Yˇ H˚ ,
⊤
D
(
XˇH˚ , Zˇ V˚
))
−
⊤
D
(
XˇH˚ ,
⊤
D
(
Yˇ H˚ , Zˇ V˚
))
+
⊤
D
(
D˚
XˇH˚
Yˇ H˚ , Zˇ V˚
)
−
⊤
D
(
D˚
Yˇ H˚
XˇH˚ , Zˇ V˚
)
,
R˚
(
Xˇ V˚ , Yˇ H˚
)
ZˇH˚ =
⊤
R
(
Xˇ V˚ , Yˇ H˚
)
ZˇH˚+
+
(
D˚
XˇV˚
⊤
D
)(
Yˇ H˚ , ZˇH˚
)
+
⊤
D
(
D˚
XˇV˚
Yˇ H˚ , ZˇH˚
)
,
R˚
(
Xˇ V˚ , Yˇ H˚
)
Zˇ V˚ =
⊤
R
(
Xˇ V˚ , Yˇ H˚
)
Zˇ V˚+
+
(
D˚
XˇV˚
⊤
D
)(
Yˇ H˚ , Zˇ V˚
)
+
⊤
D
(
D˚
XˇV˚
Yˇ H˚ , Zˇ V˚
)
,
R˚
(
Xˇ V˚ , Yˇ V˚
)
ZˇH˚ =
⊤
R
(
Xˇ V˚ , Yˇ V˚
)
ZˇH˚ ,
R˚
(
Xˇ V˚ , Yˇ V˚
)
Zˇ V˚ =
⊤
R
(
Xˇ V˚ , Yˇ V˚
)
Zˇ V˚ , ∀Xˇ, Yˇ , Zˇ ∈ Xˇ
(
O˜scMˇ
)
.
Proposition 3.8 The curvature d-tensors of the induced tangent connection of
the Cartan metrical N -linear connection DΓ (N) and of the intrinsic Cartan
metrical N -linear connection D˚Γ
(
N˚
)
of the submanifold O˜scMˇ are related by:
H
R˚
(00)
β
α
γδ =
H
R
(00)
β
α
γδ +
H
∆
(00)
β
α
γδ,
V
R˚
(01)
β
α
γδ =
V
R
(01)
β
α
γδ +
V
∆
(01)
β
α
γδ,
H
P˚
(10)
β
α
γδ =
H
P
(10)
β
α
γδ +
H
∆
(10)
β
α
γδ,
V
P˚
(11)
β
α
γδ =
V
P
(11)
β
α
γδ +
V
∆
(11)
β
α
γδ,
Vi
S˚
(1i)
β
α
γδ =
Vi
S
(1i)
β
α
γδ, (i = 0, 1;V0 = H) ,
where
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H∆
(00)
β
α
γδ = δδ
H
∆
(00)
α
βγ − δγ
H
∆
(00)
α
βδ −D
ε
δ ∂˙1ε
H
L
(00)
α
βγ −D
ε
δ∂˙1ε
H
∆
(00)
α
βγ
+Dεγ ∂˙1ε
H
L
(00)
α
βδ +D
ε
γ ∂˙1ε
H
∆
(00)
α
βδ
+
H
L
(00)
σ
βγ
H
∆
(00)
α
σδ +
H
∆
(00)
σ
βγ
H
L
(00)
α
σδ −
H
L
(00)
σ
βδ
H
∆
(00)
α
σγ −
H
∆
(00)
σ
βδ
H
L
(00)
α
σγ
+
H
C
(01)
α
βσ
1
D
00
σ
βγ ,
(3.10)
V
∆
(01)
β
α
γδ = D
1
ε
γ ∂˙1ε
V
L
(10)
α
βδ −D1
ε
δ ∂˙1ε
V
L
(10)
α
βγ +
1
2
δδ
(
V
∆
(10)
α
βγ
)
−
1
2
δγ
(
V
∆
(10)
α
βδ
)
+
1
2
D
1
ε
γ ∂˙1ε
(
V
∆
(10)
α
βδ
)
−
1
2
D
1
ε
δ∂˙1ε
(
V
∆
(10)
α
βγ
)
+
1
2
V
L
(10)
ε
βγ
V
∆
(10)
α
εδ −
1
2
V
L
(10)
ε
βδ
V
∆
(10)
α
εγ +
1
2
V
∆
(10)
ε
βγ
V
L
(10)
α
εδ −
1
2
V
∆
(10)
ε
βδ
V
L
(10)
α
εγ
+
1
4
(
V
∆
(10)
α
εδ
V
∆
(10)
ε
βγ −
V
∆
(10)
α
εγ
V
∆
(10)
ε
βδ
)
+
V
C
(11)
α
βσ
V
∆
(10)
σ
γδ,
(3.11)
V
∆
(10)
β
α
γδ = −
H
∆
(00)
α
εγ
H
C
(01)
ε
βδ +
H
∆
(00)
ε
βγ
H
C
(01)
α
εδ +
H
C
(01)
α
βε
1
D
01
ε
γδ + ∂˙1δ
H
∆
(00)
α
βγ
+Dσγ ∂˙1σ
H
C
(01)
α
βδ,
(3.12)
V
∆
(11)
β
α
γδ =
1
2
∂˙1δ
(
V
∆
(10)
α
βγ
)
−
1
2
(
V
∆
(10)
α
εγ
V
C
(11)
ε
βδ −
V
C
(11)
α
εδ
V
∆
(10)
ε
βγ −
−
V
C
(11)
α
βε
(
V
∆
(10)
ε
δγ −
V
∆
(10)
ε
γδ
))
,
(3.13)
where
H
∆
(00)
α
βγ ,
V
∆
(10)
α
βγ are given by (3.8).
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